In this paper, the monotonicity is investigated with respect to Orlicz sequence space l Φ,p equipped with the p-Amemiya norm, and the necessary and sufficient condition is obtained to guarantee the uniform monotonicity, locally uniform monotonicity, and strict monotonicity for l Φ,p . This completes the results of the paper (Cui et al. in J. Math. Anal. Appl. 432:1095-1105 , 2015 which were obtained for the non-atomic measure space. Local upper and lower coefficients of monotonicity at any point of the unit sphere are calculated, l Φ,p is calculated.
Introduction
The role of monotonicity in Banach lattices is similar to the role of rotundity in Banach spaces. It is well known that monotonicity properties of Banach lattices has various applications in the fields of ergodic theory (see [2] ) and approximation theory; in particular, they are very useful for estimating the errors of the approximation. Also, they have been introduced and studied in the context of their geometric structure by Birkhoff in [3] . Moreover, Betiuk-Pilarska and Prus showed recently that if X is a weakly orthogonal Banach lattice with ε m (X) < 1, then X has the weak normal structure. Consequently, X has the weak fixed point property (see [4] ).
For lattice theory and monotonicity results in some Banach lattices we refer to [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Monotonicity has been extensively studied by several researchers in some specific lattices such as Lorentz, Orlicz or Musielak-Orlicz spaces [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
In this paper, monotonicity properties and the coefficient of monotonicity for Orlicz sequence spaces equipped with the p-Amemiya norm are investigated.
Let X be a Banach lattice with a lattice norm · and X + be the positive cone of X. We denote by B(X) the unit ball of X, by S(X) the unit sphere of X, and S(X + ) = S(X) ∩ X + . We begin with auxiliary definitions and results that are used in the sequel.
A Banach lattice X is strictly monotonic (STM) if, for all x, y ∈ X + , the conditions x ≥ y, y = 0, and x = y imply x = y. X is uniformly monotone (UM) if, for any sequence {x n }, {y n } in X + , y n ≥ x n , the equalities lim n→∞ x n = lim n→∞ y n imply lim n→∞ y nx n = 0.
A point x ∈ S(X + ) is said to be upper (lower) locally monotonic point if, for any ε > 0, there exists δ(ε) > 0 such that, for any y ∈ X + (resp. for 0 ≤ y ≤ x), the condition y ≥ ε implies x + y ≥ 1 + δ(ε) (resp. xy ≤ 1δ(ε)). X is said to be upper (lower) locally uniformly monotone if any x ∈ S(X + ) is upper (lower) locally monotone point.
Obviously, each UM Banach lattice is both (upper and lower) locally uniformly monotone, and both these properties imply strict monotonicity. In an UM Banach lattice, the norm is order continuous and monotonically complete. For example, the lattice L p (1 ≤ p < ∞) is an UM, but the lattice L ∞ is not even a STM.
A map Φ : R → [0, ∞] is said to be an Orlicz function if Φ(0) = 0, Φ is not identically equal to zero, it is even, convex, and left-continuous on the whole space of R + . We say that Φ satisfies 2 -condition at zero (Φ ∈ 2 (0)) if there exist u 0 > 0 and K > 2 such that Φ(u 0 ) > 0 and Φ(2u) ≤ KΦ(u) for any 0 < u ≤ u 0 .
For a given Orlicz function Φ, we define a convex functional I Φ on l 0 by
We define supp(x) = {i ∈ N : |x(i)| = 0} and the Orlicz sequence space l Φ generated by an Orlicz function Φ by the formula
The Orlicz space l Φ is usually equipped with the Luxemburg norm
or with an equivalent one
called the Orlicz norm. For any 1 ≤ p ≤ ∞ and u ≥ 0, define For any x ∈ l 0 , define the p-Amemiya norm by the formula
In this paper, the Orlicz sequence space equipped with the p-Amemiya norm will be denoted by l Φ,p . It is known that [34] ). Orlicz sequence spaces l Φ,p are Banach lattices.
For a given Orlicz function Φ, define
For every Orlicz function Φ, we define its complementary function Ψ :
where k * p (x) < ∞, and at k * * p (x) whenever this number is finite.
Monotonicity in l Φ,p spaces
We begin this section with some useful lemmas. 
x(i) .
Lemma 2.4
Let Φ be an Orlicz function. For any subset A ⊂ N and any p with 1 ≤ p < ∞, the following conditions are equivalent:
For any k ≥ 1, we get I
Next, let us discuss the strict monotonicity, upper and lower local uniform monotonicities, and uniform monotonicity of l Φ,p .
p is strictly monotone if and only if one of the following conditions holds:
(1) a Φ = 0 or
Proof Here, we only discuss the case where 1 ≤ p < ∞, see [22] for detailed discussion whenever p = ∞.
Necessity. If a Φ > 0, divide N into infinite pairwise disjoint subsets, denoted by N n , such that Card(N n ) = ∞ for all n ∈ N. Define
For any k > 1, we have
Moreover, for any k ∈ (0, 1], we get
Therefore, x n Φ,p = inf k>0
In the same way we obtain that x Φ,p = x n + x Φ,p = 1. This shows that l Φ,p is not STM.
Therefore, x Φ,p = y Φ,p , which implies that l φ,p is not STM. Sufficiency. If a Φ = 0, for any x, y ∈ (l Φ,p ) + satisfying x Φ,p = 1 and y = 0, the following cases are considered,
2. If K p (x) = ∅, then K p (x + y) = ∅, and according to Lemma 2.3,
When K p (x + y) = ∅, taking k ∈ K p (x + y), the proof can be proceeded in the same way as in case 1. In conclusion, l Φ,p is strictly monotone.
In the following we consider (2) was established. For any x ∈ S(l Φ,p ) and any j ∈ supp(x), we have xχ j Φ,p > 0. According to Lemma 2.4, we know that K p (xχ N\{j} ) = ∅. If K p (x) = ∅, then
According to Lemma 2.1, l Φ,p is strictly monotone.
Lemma 2.5 If x ∈ S(l Φ,p ), x ≥ 0, and K p (x) = ∅, then x is a point of upper local uniform monotonicity as well as a point of lower local uniform monotonicity.
This shows that x is a point of lower local uniform monotonicity.
Assume that x is not a point of upper local uniform monotonicity. Then there exists a sequence {x n } in (l Φ,p ) + such that x n Φ,p ≥ ε > 0 and lim n→∞ x + x n Φ,p = 1. Next, we consider some cases under this assumption.
1. There exists an infinite number of n such that K p (x n + x) = ∅. Due to Lemma 2.3, we have
This inequality holds for infinite n ∈ N, which is contradictory obviously. 2. There exists an infinite number of n ∈ N such that K p (x n + x) = ∅. In this case, applying the double extract subsequence theorem, we may assume that K p (x n + x) = ∅ for any n ∈ N. Let k n ∈ K p (x n + x), n = 1, 2, . . . . Here, we consider two subcases as follows.
(1) If lim n→∞ k n = k 0 < ∞, then
x + x n Φ,p = 1
Since K p (x) = ∅, lim n→∞ x n + x Φ,p = 1 and by the Fatou lemma, we have
which is a contradiction. 
This is a contradiction, which finishes the proof.
Lemma 2.6 ([35])
(1) For any sequences
for all measurable functions x, y with disjoint supports.
Theorem 2.2 For the Orlicz sequence space, the following conditions are equivalent:
(1) l Φ,p is uniformly monotone.
(2) l Φ,p is upper locally uniformly monotone.
(3) l Φ,p is lower locally uniformly monotone.
Proof Obviously, (1) ⇒ (2) and (1) ⇒ (3).
(4) ⇒ (1). In this paper, we only discuss the case 1 ≤ p < ∞, because the case p = ∞ was discussed in [22] .
Assume that Φ ∈ 2 (0). If a Φ = 0 but l Φ,p is not uniformly monotone, there exist ε > 0 and x n , y n ∈ l + Φ,p for all n ∈ N satisfying x n Φ,p = 1, y n Φ,p ≥ ε, and lim n→∞ x n + y n Φ,p = 1. Then y n /2 Φ ≥ 2 -1 p -1 ε. By virtue of Φ ∈ 2 (0), there exists δ > 0 such that I Φ (y n /2) ≥ δ. Take k n ∈ K p (x n + y n ). Since x n + y n Φ,p ≤ 2, we get k n > 1/2. Hence
which contradicts the equality lim n→∞ x n + y n Φ,p = 1.
for all x ∈ l Φ,p and all k > 0, so we have k * x = ∞ and K p (x) = ∅. For any ε > 0 and any supp(x) ⊂ A such that xχ A Φ,p ≥ ε, it is easy to see that K p (xχ A ) = ∅, K p (xχ N\A ) = ∅. Therefore,
By Lemma 2.2, l Φ,p is uniformly monotone.
(2) ⇒ (4). We only need to prove that Φ ∈ 2 (0) if 1 ≤ p < ∞. If not, for any ε ∈ (0, 1/2) there exists a sequence {u n } ↓ 0 such that
1 p and define x = 1 k (u 1 , 0, u 2 , 0, u 3 , 0, . . .). Then
So we get k ∈ K p (x) and x Φ,p = 1
. . , 0, v, 0, 0, 0, . . .). Note that,
So we have y Φ,p ≥ y Φ ≥ 1 (1+η)k > 1 (1+ε)k . And due to
1+ε . Since k > 1, by Lemma 2.6, we have
This contradicts property (2) from our theorem.
(3) ⇒ (4). If Φ does not satisfy 2 (0)-condition, there exists a sequence {u k } ↑ ∞, satis-
x(i)e i (for all n ∈ N).
Then 0 ≤ x n ≤ x and
Hence
and lim n→∞
xx n Φ,p = lim n→∞ (m 1 +m 2 +···+m n ) n=1
This means that l Φ,p is not lower locally uniformly monotonic.
Corollary 2.1 l Φ,p is order continuous if and only if
|u| for u = 0 and Φ(0) = 0. Then the Orlicz space l Φ,p is STM for p = 1 but it is not STM for 1 < p ≤ ∞.
Indeed, Φ vanishes only at 0. For any u > 0, lim u→0 Φ(2u) Φ(u) = lim u→0 2e 1 2u = ∞, which implies that the function Φ does not satisfy the condition 2 (0). By Theorem 2.2, we obtain our result.
A Banach lattice X is said to be weakly orthogonal if, for every weakly null sequence {x n }, it follows that lim n→∞ |x n | ∧ |x| = 0 for all x ∈ X. Dalby [36] proved that weakly compact convex subsets of a weakly orthogonal Banach lattice with uniformly monotone norm have a weak normal structure. And Yunan Cui [37] proved that the Köthe sequence spaces X are weakly orthogonal if and only if X is order continuous. So we obtain the following result.
Corollary 2.2
If a Φ = 0, Φ ∈ 2 (0), then each nonexpansive mapping of a nonempty convex weakly compact set in l Φ,p has a fixed point.
Coefficients of local uniform monotonicities of l Φ,p
For a given Banach lattice X, the upper (lower) modulus of monotonicity of X for all ε > 0 (resp. 0 < ε ≤ 1) is defined by the formula
In 1993, Kurc [14] proved the following equality:
Obviously, X is uniformly monotone if and only if η X (ε) > 0 (or δ X (ε) > 0) for every ε ∈ (0, 1]. X is strictly monotone if and only if δ X (1) = 1. Moreover, the numbers ε m (X) and ε m (X) defined by 
Namely, X is uniformly monotonic if and only if ε m (X) = ε m (X) = 0. Similarly, for any x ∈ S(X + ) and any ε > 0 (resp. ε ∈ [0, 1]), the functions defined by For more information about the characteristics of monotonicity and the modulus of monotonicity, see [7, 9, 13, 20] and the references therein.
In the last part of our paper we consider the problem of estimates for the local characteristic of monotonicity lower modulus of monotonicity of Orlicz function spaces equipped with the p-Amemiya norm. (2) If Φ ∈ 2 (0), 1 ≤ p < ∞, and either of the two conditions (i) a Φ = 0 or (ii) I p-1 Φ (q -(r Φ ))I Ψ (r Φ ) < 1 is satisfied, then ε m (l Φ,p ) = ε m (l Φ,p ) = 0. (3) If Φ ∈ 2 (0), p = ∞, then ε m (l Φ,p ) = ε m (l Φ,p ) = 0.
Let us discuss the local characteristic of monotonicity at the points from the unit sphere. where θ (u) = inf{λ > 0 : I Φ ( u λ ) < ∞}.
Theorem 3.2
For any x ∈ S(l + Φ,p ), we have the following results:
(2) If Φ ∈ 2 (0), 1 ≤ p < ∞, and either of the two conditions (i) a Φ = 0 or (ii) I p-1 Φ (q -(r Φ ))I Ψ (r Φ ) < 1 is satisfied, then ε m (x) = 0; (3) If Φ ∈ 2 (0) and p = ∞, then ε m (x) = 0.
Proof Only the case 1 ≤ p < ∞ should be considered. If condition (2) is satisfied, then l Φ,p is upper locally uniformly monotone, so ε m (x) = 0 according to Theorem 2.2.
If Φ / ∈ 2 (0), then for any ε ∈ (0, 1 3 ) and any δ > 0, there is u > 0 such that Φ(u) < δ and Φ((1 + ε)u) > 1 δ Φ(u). Choose m ∈ N such that δ < mΦ(u) ≤ 2δ. Take i 0 ∈ N such that k * p (x)x(i) < εu is satisfied for all i > i 0 .
